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ABSTRACT

The development of airborne Doppler radars for atmospheric sciences research has vastly improved the ability
to measure atmospheric storms. This paper addresses a new technique for improving airborne Doppler radar
data quality. Assuming the earth'’s surface is flat and still, the technique uses the airborne radar measurements
of the earth’s surface reflectivity and velocity to correct for errors in navigation and radar pointing angles.

The methodology makes use of the helical scanning adopted in the existing systems onboard the two National
Oceanic and Atmospheric Administration P3 aircraft and on the National Center for Atmospheric Research
Electra aircraft (ELDORA /ASTRAIA radar). On the basis of a scan-by-scan analysis, it is shown that this
methodology has the potential to retrieve most of the navigation errors, including errors in aircraft altitude,
aircraft speed and drift, aircraft vertical velocity, aircraft pitch and roll, radar ranging error, and error in antenna
spin angle. The methodology is demonstrated using a dataset obtained from ELDORA /ASTRAIA during the
Tropical Ocean Global Atmosphere Coupled Ocean-Atmosphere Response Experiment. Analysis of these data
shows it is possible to systematically correct for the navigation errors from a large dataset using a single set of

corrections to the data.

1. Introduction

Correct navigation of airborne weather radar data
with respect to the earth is a critical aspect of producing
correct and usable data. To meet the scientific require-
ments concerning data location and to correct radial
velocities for aircraft motion, the aircraft trajectory and
velocity and the radar beam-pointing angles must be
known with great accuracy with respect to the ground.
For this purpose, the systematic detection of the intense
echo returned from the earth’s surface provides a ref-
erence for radial velocity and distance measurements.
The objective of this paper is to show how a careful
analysis of the radar echoes returned from the earth’s
surface allows correction of the systematic or random
statistical errors in navigation of the radar data. Such
errors include antenna mounting errors as well as errors
due to the Inertial Navigation System (INS). For the
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technique developed in this paper, the earth’s surface
needs to be assumed smooth and geopotentially flat
within about one radar range gate length. The mea-
surements used in section 6 are sea surface measure-
ments; however, an extremely flat land surface should
also be usable for the technique.

The navigation correction scheme presented in
this paper makes use of the dual-beam, helical scan-
ning technique developed for the National Center
for Atmospheric Research~Centre d’etudes des En-
vironnements Terrestre et Planetaires, ELDORA /
ASTRAIA' radar (Hildebrand and Moore 1990;
Hildebrand et al. 1994), and has also been adapted
to the two National Oceanographic and At-
mospheric Administration (NOAA) P3 airborne
Doppler radar systems (Hildebrand and Moore
1990; Jorgensen and DuGranrut 1991). The scan-
ning strategy (Fig. l1a) enables the radar to com-
pletely scan the volume surrounding the aircraft,
obtaining the two (fore and aft) velocity compo-
nents needed for three-dimensional wind field re-
trieval. The radar spins about an axis parallel to the

' ELDORA/ASTRAIA stands for Electra Doppler radar/analyse
stereoscopic par impulsions aeroperte.
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F1G. 1. (a) Fore and aft sampling scheme with ELDORA/AS-
TRAIA. (b) The data can be viewed as sampled on a 8 plane with a
spin angle ¢ (defined in section 2). (¢) At any point of the three-
dimensional space, the radar system measures two independent
components of air velocity within a § plane (or plane including the
aircraft trajectory). The component perpendicular to 3 plane is not
seen and should be determined through integration of the continuity
equation.

aircraft’s longitudinal axis, with the beams tilted a
fixed amount fore and aft of a plane normal to the
spin axis.

The 1mplementat10n of the radars and scanning
in each of the three aforementioned airborne Doppler
radar systems is somewhat different; however, a
common approach can be used to correct the navi-
gation. In ELDORA /ASTRALIA, the 18.5° fore and
aft tilt angles are scanned simultaneously using a dual
transmitter-receiver radar system. In the NOAA P3
with the French dual-antenna system, the fore and
aft antennas are illuminated using a single trans-
mitter/receiver and a waveguide switch: the fore and
aft antennas are typically illuminated for 180° or
360° revolution so as to observe on one side of the
aircraft or on both sides. The other NOAA system
uses a single antenna with adjustable tilt and creates
the fore and aft scans by tilting the antenna fore
and aft as the whole system is rotated about the
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longitudinal spin axis (Jorgensen and DuGranrut
1991).

2. Geometry of the problem

Figure 2 illustrates the geometry of the prob-
lem. All circles in Fig. 2a are great circles. The no-
tations can be divided into several groups as fol-
lows:

1) General description

e (Ois the position of the antenna and the center
of a reference sphere.

e 7 is the zenith,

2) Aircraft coordinates

e C (T) is the intersection of the nose (tail) of
the fuselage and the sphere and CT is the an-
tenna spin axis.

¢ OB is the projection of OC to the honzon.—-

e A is the intersection of the aircraft track ve-.
loc1ty and the sphere.

e D is the vertical with respect to the aircraft.

o o (arc AB) is the drift angle, or angle from the - -
vertical plane including the antenna spin axis
(heading) to the horizontal component of the
aircraft velocity (track). The drift is positive
if track is more clockwise than the heading
(Lee et al. 1994).

e B (arc BC) is the pitch of the antenna spin axis
(positive up).

3) Absolute beam coordinates

e Eisthe intersection of the radar beam and the
sphere.

e EL (arc EF) is the elevation angle of the beam
with respect to the horizontal plane.

e ¥ (arc EA) is the angle between the beam
and the horizontal component of aircraft ve-
locity.

4) Beam coordinates relative to the aircraft

e § (arc DE) is the tilt angle from the plane per-
pendicular to spin axis to the beam, positive
when antenna is pointing fore, negative when
antenna is pointing aft.

e ¢ (angle BCE) is the spin angle (the sum of
the rotation angle of the antenna given by the
encoder and the roll of the aircraft). Both the
spin angle and the rotation angle are measured
clockwise when looking forward. Zero rotation
angle corresponds to the antenna pointed
downward with respect to the airframe while
zero ¢ corresponds to a beam pointed toward
nadir).

e A, (arc BF) is the azimuth of the beam relative
to the heading (positive clockwise).

Spherical trigonometry provides the following de-
pendence of ¥, EL, and A4, as a function of ¢, 8, 8, and
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FIG. 2. Angular definitions (a) in spherical trigonometry
and (b) in the aircraft coordinate system.

¢ (the derivations are detailed in appendix A for in-
terested readers):

sind — sinEL sing

cosd; = cosEL cosf ()
sinEL = sin# sinf ~ cosf cosB cos¢ 2)

cos¥ = cosa cosf sinf
+ cosa sinf cosf cos¢ — sina cosf sing.  (3)

3. Surface echo detection

When looking toward the ground at an incidence
off from down, we may define the antenna footprint
as the projection of the beam (we consider here only

the one-way 3-dB main lobe) over the earth surface .
(Fig. 3). All the radar range gates intersecting the foot-

print will be affected by the surface echo, and the energy
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(b)

received in a given gate will be proportional to the por-
tion of the footprint it intersects. The following notation
is used:

s H: altitude of the aircraft above the earth surface.

e ¢: 3-dB cross-beam resolution of the antenna (one
way).

® JR: range resolution of the radar.

* Rg: “mean” range of the earth surface along a
beam when operating at elevation angle EL.

¢ Ng: number of contiguous gates affected by the
earth surface.

Parameters Rz and Ng may be expressed as?:

2 A more accurate formula taking account of the earth curvature
is Rg = [H(sinEL)™"] [1 + H(2p tan®EL)™'], where p denotes the
earth radius. This formula should be preferred when EL < —40°.



AUGUST 1995

} Footprint :
-
) {

I i

|
|
| |
!

A\ KA \W

F1G. 3. Range gates affected by the surface echo.
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Figure 4 displays Ng as a function of ¢ in typical oper-
ational conditions for the NOAA P3 tail radar (¢ = 2°;
S8R =75 m; H= 5700 m, # = 22.23°). To quantitatively
measure the surface echo power, all gates intersecting the
portion of the footprint away from the center should be
deleted for they are negatively biased with respect to the
most central gate. It can be shown that if we restrict our-
selves to the Ng/2 gates closest to center gate, the bias
for these gates will never exceed —0.65 dB.

When the radar operates over land, the power of the
signal returned from the ground can be higher than that
from meteorological targets. Thus, a simple procedure
can be used to select the gates affected by the ground
clutter: after calculating the expected ground range Rg
at which we expect the ground [according to (4)], we
select, among the +20 closest gates to range R, the N/
2 gates within 3 dB of highest reflectivity. When operating
over the ocean, the surface clutter is often less powerful
than the weather echo (which may also be present in
reflection ) and may be obscured by the presence of mod-
erate or heavy rain in the same resolution cell. Therefore,
it is important to collect ocean surface data on a weather
echo-free region to avoid contamination of the surface
velocity from the weather. It is assumed that the ocean
surface clutter velocity, is approximately zero. A test of
the Doppler velocity, which should be close to zero if it
is surface clutter, can serve to identify these cases.
Throughout this paper, it is assumed that any aliasing of
the Doppler velocity about the Nyquist velocity has al-
ready been removed.

4. Error analysis of the navigation parameters

The uncertainties in the parameters provided by the
INS and by the encoder of the antenna pedestal for the
ELDORA /ASTRAIA are the following:
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Horizontal velocity: +2ms™!
Drift angle: +1°
Aircraft vertical velocity: +0.15ms™'
Pitch angle: +0.05°
Tilt angle: +0.05°
Roll and/or spin angle:  +0.05°

In addition to these statistical uncertainties there are
systematic errors due to various imperfections such as
the antenna mounting. Systematic errors of the order
of 1° may exist in 8, @, ¢, and 6. The primary goal of
the error analyses in this section is to identify the mag-
nitude of uncertainty in these navigation and radar
pointing parameters.

a. Velocity error analysis

With respect to the reference frame of the aircraft,
any fixed target on the earth’s surface moves at a ve-
locity opposite to that of the aircraft in the terrestrial
frame. In “normal” flight conditions where the aircraft
is not submitted to sudden changes in pitch, drift, or
roll, we may consider that the radar antenna is moving
at the aircraft ground speed. The radar observed surface
radial velocity Vg (positive away from the radar) may
be expressed as a function of the horizontal and vertical
components of aircraft velocity, ¥V and W, and of the
¥ and EL as

Ve = —Vy cosW — WsinEL (6)
or
Ve = —Vy(cosB cosa sinf
+ sinf cosa cosf cos¢ — sina cosf sing)
— W (sinf sinf — cosf cosB cos¢p). (7)
H = 5700 m; 6 = 22.23°
20 lllﬂflllllﬁT'(

= N, GATES

T T

Ng GATES

L 1L

70
¢ ()
FI1G. 4. Numbers of gates affected by the surface echo
as a function of the spin angle of the antenna.



804

All parameters in (7) (except the spin and tilt angles,
¢ and 6) are output parameters of the INS.

Correcting the radar radial velocities for navigation
errors involves comparing the measured ground ve-
locities V; with estimated ground velocities Vg, cal-
culated from (7), using the aircraft navigation param-
eters, a, B, Vy, and W, from the INS, and the radar
pointing angles, § and ¢. The difference, 6V = Vg
— Ve, is due to the inherent uncertainties in the INS
measurement (including biases and drifts of the INS)
and the radar mounting errors (fixed biases), plus the
radar’s statistical sampling error (hopefully, in com-
parison, small numbers). The residue 6V can be eval-
uated as follows:

oV =Ve— Vee (8)
= §(—Vy cos¥ — W sinEL). 9)

If we assume the pitch angle is small (8 < 2°)and W
< Vy, then (7) can be used to obtain

0V = cosl cospdW
— Vy(cosa cosf + sina sinf sing ) a0
+ Vy sina cosf cos¢pde
— Vi cosa cosf cos¢pdf

+ Vy(sina sinf + cosa cosf sing )da
~— (cosa sinf — sina cosf sing)éVy (10)

= A + B, sin¢ + B, cos¢, (11)
where
A = —Vy(cosa cosfsf — sina sinfocr)
— cosa sinféVy
B, = —Vy(sina sinféf — cosa cosfoa)
+ sinx cosf6Vy
B, = cosB6W

+ Vy(sina cosfd¢ — cosa cosBéB). (12)

All the § quantities are defined as the true value minus
the measured value. Therefore, all correction factors
obtained in this procedure should be added to their
corresponding measured values. In normal flight con-
ditions, the angle o does not exceed a few degrees and
(12) may be approximated as

A = —Vycosa cosfdf + sinf(Vy sinada — cosadVy)
B, = —Vysina sinfd0 + cos8(Vy cosada + sinad V)
B, = cosf6W — Vy cosa cos8p. (13)

b. Range error analysis

Similar considerations can be applied to radar ob-
servations of the range to the earth’s surface. Using
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techniques discussed above, the distance from the radar
to the earth’s surface R; can be determined for any
beam intersecting the earth’s surface as follows:

H
sinEL

Rg =

H
" sinf sinB — cosf cos8 cos¢ ’ (14)

where the negative sign results from EL < 0 for down-
ward beams. Using (2) and assuming a flat earth sur-
face, the estimated range R, can be estimated using
INS and radar pointing angle:

H,

Rge = — — - . (15
G sind, sinf, — cosé, cosf, cos¢, (15)

As was the case in the velocity error or residue, a
range error can be calculated from 0R; = R — Rge,
where Rg is the true distance from the radar to the
earth surface along a beam. However, in this case, the
measured distance from the radar to the earth surface
Ry is the gate spacing multiplied by the number of
gates in between. Thus, Rs and Ry differ by the range
delay of the radar AR (a common source of bias in
radar measurements), and Rz = Rz + AR. The residual
error is thus

RR—RGe=6RG—AR. (16)

Differentiating (14) and assuming £ is small, R can
be approximated as follows:

6Re = Rl 2L+ %9 55 1 1ansos + tangss) . (17)
H cos¢

Substituting (17) into ( 16) and multiplying both sides
by cos?¢, we obtain

cos’¢(Rg — Rge)

_ AR  Htand Hégp\ .
2 cosf % + (cosﬂ) sing
+ 0 AR
+ w cos¢p — ——cos2¢ (18)
cosf 2
= C+ D, sing + D, cos¢ + E cos2o, (19)
where
AR H tand
=———+ )
¢ 2 cosf 8
_ Ha¢
Y
6H + H tanféb
D, = —mm
cosé
E=— % (20)
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As will be illustrated later, the accuracy in determining
the surface gate decreases as the beam approaches hor-
izontal due to the 2° beamwidth of the airborne radar
antennas. Since the number of gates selected by this
procedure increases as EL decreases, those gates influ-
enced by the beam-filling effect outweigh those gates
near nadir. To properly weight the data, all gates along
a beam are weighted by the inverse of the number of
selected gates for that beam (i.e., the average value of
those selected gates) so the contribution from each
beam is the same. In addition, the cos?¢ in the left-
hand side of (18) ensures that heavier weights are ap-
plied to reliable data (¢ ~ 0) and lesser weights are
applied to data near the horizon (¢ ~ xw/2).

5. Analysis of the residual radial velocity and of the
ranging error of the earth surface

In this section we consider operation of the radar
in normal conditions, that is, the aircraft flying along
an approximately straight trajectory, at constant
level, and in moderate turbulence. In such condi-
tions, we expect that the flight parameters, «, 3, v,
Vy, and W will evolve with a characteristic time of
the order of a few tens of seconds, that is, much longer
than the time of a complete 360° revolution of the
antenna (6 s for ELDORA /ASTRAIA, 10 s for the
NOAA P3s during TOGA COARE). Hereinafter, we
define “scan” as a complete 360° revolution of the
antenna from ¢ = —90° to ¢ = 270°. Assuming the
approximate stationarity of the flight parameters
during each individual scan, the residual radial ve-
locity of the ground 6V and the ground ranging error
Ry — Rg. should vary as a function of ¢ as shown in
(11) and (19), and 4, B,, B, C, Dy, D;, and E
remain constant at the timescale greater than an in-
dividual scan.

For each scan, we select the rays within the range
—80° < ¢ < 80°. For these rays, the gates affected by
the surface clutter are selected using the procedure de-
scribed in section 2. Let i be an index numbering all
of the selected gates in the scan in question (i = 1, N).
Each gate i corresponds to a measured residual radial
velocity of the ground 6V5; and a range deviation (R
— Rge.);. In any ray, the number of gates affected by
ground varies from 3 to 20 depending on the spin angle
¢ as illustrated in Fig. 4.

a. Determination of A, B;, and B,

The A4, By, and B, coefficients may be determined
by a least-squares fit; that is, these coefficients are cho-
sen to minimize the quadratic form

S= 3 (8Vsi— A — By sing — B, cose)?.
{i}

(21)

Consequently, they should verify
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as _

38 3S
aa- " 38, 3

9 dB; 0B,

=0 (22)

or
NA + ({2 sing;)B, + (2 cos¢;)By = 2, 6V
i} {i) {i}

(X sing;)4 + (X sin’¢;) B

{i3 {i}

+ ({Z} sing; cos¢;) B, = {}_‘; OV, sing;

({E cosg;)A + (> sing; cos¢; ) B

i} {3

+ (2 cos?p;)B, = D, 8V cose;.
{i} {i}

(23)

This linear system with respect to 4, B, and B, can
be solved with the following notation:

a=N, b= sin’¢;, c= 2 cos’e;,
{i} {i}
d= X sing;, e= 2 cos¢;, f= 2 sing.cos¢i,
{i} {1} {i}
r=2 Vg, s= 2 8Vgsing;,
{i} {i}

L= 2, 8V cosei.
i}

ef—cd df—be\/[r
ac—¢e*> ed—aflls|,
ed—af ab—d*/ \t

(24)

We obtain

A 1 [be—f 2
B | = A ef—cd
B, df_ eb

with A = abc + 2def — af? — be* — cd?.

(25)

b. Determination of C, D,, D, and E

Similarly, the C, D,, D,, and E coefficients may be
determined by a least-squares fit (see appendix B) that
minimizes the quadratic form

S = 3 [cos’p;(Rg — Rge); — C — D sing;
{i}

— D, cos¢; — E cos2¢;1%.  (26)

Because of the limited interval in ¢ where data are
available (typically —80° < ¢ < 80°, it is not possible
to determine accurately the four parameters without a
subsidiary condition. In particular, coefficients C, D5,
and F tend to interact with each other. This is because
all three define even functions with respect to ¢, and
thus behave similarly about ¢ = 0. Therefore, various
combinations of C, D,, and E provide fits with a similar
standard deviation. Among all these fits, we arbitrarily
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choose the one that minimizes the sum of the square
of the coefficients involved; that is,

T =C?+ D%+ E2. (27)

The solution of the variational problem defined by
(26) under the subsidiary condition (27) is obtained
by introduction of a weighting function u (Courant
and Hilbert 1953) and minimization of functional Q
defined as

Q=S8+ uNT,

where N is the number of selected ground gates.
Again, coeflicients C, D,, D,, and E that minimize
Q should verify

aQ .00 _ . 00
ac—o’ aD,—O’ aD, 0, oE 0.

The corresponding equations are explicitly derived
in appendix B. The benefit of introducing the subsidiary
condition (27) is to reduce the large fluctuations in C,
D,, and E estimates. But this condition also tends to
force the solution to equal values in C, D, and F and
hence bias the results if one of the coefficients is much
larger than the others. However, this effect can be min-
imized by choosing a small weighting function u. It
turned out that the determination of C, D,, D,, and
E is, in fact, largely independent on the choice of the
weighting function, provided it be chosen below a cer-
tain threshold. Practically, we have found that a value
of u between 0.01 and 0.1 provides stable results and
# = 0.01 is used in this paper.

(28)

3Q 30 30 _

(29)

6. Interpretation of the coefficients

For each revolution of the antenna of ELDORA/
ASTRAIA or each two revolutions of the P3 antenna,
the analysis described in section 5 may be performed
for both the fore and aft antenna measurements. For
each antenna, we get a set of seven Fourier coefficients
related to the navigation, mounting, or radar ranging
errors:

A = —Vycosa cosfdf + sinf(Vy sinada — cosadVy)
B, = —Vysina sindéf + cos(Vy cosada + sinad Vi)
B, = cos86W — Vy cosa cos6f

C=——
2 cosf 6
Hégp oH + H tanféd
Di=—= Dy=——
cosf cosf
AR
E=- 7 . (30)

We now discuss how these relations can be inverted
to determine the navigation, mounting, and radar
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ranging errors. In the following, subscript f refers to
the fore antenna, and subscript a refers to the aft an-
tenna. It is noted that the analysis provides 14 inde-
pendent coeflicients (seven for each antenna) linearly
related to eight navigation or positioning errors (dc,
oVy, 6W, 68, 88, 6¢, AR, 6H). To exploit this redun-
dancy of information, and to take account of the re-
spective uncertainty in the determination of 4, By, B,
(~0.1 ms™!) and of the C, D;, D,, E (=~10 m), it is
particularly useful to estimate some of the eight errors
using a variational approach.

a. Radar ranging error

The radar ranging error is determined by the simple
relation

AR, ;= —2Eq.;. (31)

The radar ranging error is expected to be stable, at
least for the duration of a flight. To improve accuracy,
this formula can be integrated over the ensemble of
the scans sampled during the flight. We may write

(AR, ) = —2{ Eqsy), (32)

where the angle brackets denote the averaging over an
ensemble of scans. If E is determined within +10 m,
the uncertainty in AR is =20 m.

b. Error in the tilt angle

In the ELDORA /ASTRAIA radar, and in the P3
equipped with the French dual-beam antenna, the two
antennas are mounted back-to-back on a rigid frame.
They are identical and their radiation patterns are
known. For each antenna, the pointing angle of the
main lobe does not change with time, because it is
intrinsically defined by the position of the slots in the
waveguides constituting the antenna. We do not expect
with these antennas any error in the tilt (#) angle. There
may be an error in the mounting of the rigid frame on
the antenna pedestal that may induce systematic errors
in the drift («) and pitch (3) angles, or an error in the
roll angle reference that would appear as a bias in the
spin (¢) angle. Any such errors for the fore and aft
antenna would be the same. In the P3 equipped with
its original antenna and operated following the fore-
aft scanning technique (FAST) (Jorgensen and
DuGranrut 1991), there may be additional systematic
errors due to a wrong reference for tilt angle.

Any error in the tilt angle should be a systematic
error. As said before, this error should be negligible for
ELDORA /ASTRAIA and for the P3 radar equipped
with the French antenna. For the P3 radar with its
original antenna, operating with the FAST method-
ology, we may establish from the A4 coefficient in (30)
the following estimator:
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A+ A,

f=———
° 2Vy cosa cosby

(33)
The second term on the right-hand side of the equation
tended 1o cancel between the fore and aft antenna due
to the opposite sign of the tilt angle. The above equation
may be averaged as

o= (-

With an uncertainty in 4 of +0.1 m s}, the subsequent
uncertainty in 66 would be +0.07°, only slightly worse
than the corresponding value for the ELDORA/
ASTRALIA and the P3 radar with the French antenna
(60 = £0.05°).

A+ A,

—— =2 ), 4
2Vy cosa cos0f> (34)

¢. Other navigation errors

We may calculate the errors from the 4, By, B;, C,
D,, and D, coefficients. However, an alternative ap-
proach consists of correcting the dataset for AR and
86 errors, then determining a new set of coefficients
noted “prime,” and related to other errors as

A’ = sinf(Vy sinaba — cosadVy),
B = cos8(Vy cosada + sinadVy),
5 = cos@6W — Vy cosa cosdds,
H tand Hb oH
- T ss, D=2, py=2t
cosb 0s6

4

cosf (3)

This approach has the advantage of first correcting for
the range delay AR that can be different between fore
and aft radars and the potential bias of the tilt angle 50
for the P3 radar with its original antenna. Then, other
sources of errors can be corrected as the residual errors.
Experience has shown that the least-squares curve fit on
data from either fore or aft antenna alone was unstable
because only approximately 160° of the full 360° domain
has data. However, we can combine the data from the
fore and aft antennas. To do this, we change 6 into —#§
(i.e., from the fore to aft antenna), 4’ and C’ change to
—A' and —C', respectively, while B, B5, D', and D)
remain unchanged. Then, if we take the opposite of the
aft signal and shift it by 180°, when considering it with
the fore signal as a whole, we obtain a 320° sample over
the 360° domain (Fig. 5) allowing a more accurate de-
termination of the coefficients.

In the following, 4, B,, B,, C, D,, D,, and E denote
the coefficients resulting from a *“180°” analysis prac-
ticed alternately on a fore and an aft scan, and A4’,

1, B3, C', D}, and D5 denote the coefficients ob-
tained from this combined “360°” analysis.

1) SPIN ANGLE ERROR

The spin angle error consists of the addition of a nav-
igation error of random statistical nature expected to be
of a few tenths of a degree at most, and of a systematic
mounting error that may reach 1° or 2°. We have

5 |
- Fore
| - Aft i
o -Aft (shifted)
0 [N ISR R NN N (NS T S NS RN TN N I
0 10 20 30 40 50 60 70
6 ()

FIG. 5. Simulation of the residual velocity from the surface with
the fore antenna (4' = 1; B} = 1; B3 = 1) and aft antenna (4' = —1;,
B = 1, B, = 1). After taking the opposite of the aft signal, and
shifting it by 180°, a full 360° sample is obtained.

coséd
D)

6¢ = D\ ——. 36

¢=Di— (36)
With an uncertainty in D on the order of 10 m,

and for a flight altitude of 4000 m, the uncertainty in

8¢ would be about 0.15°,

2) ERROR IN THE AIRCRAFT ALTITUDE

The radio altimeter onboard the aircraft yields a
measurement of altitude H with an accuracy of a few
tens of meters. From the D5 in (35) we may write

86H = D% cosb. (37)

Since D5 is itself determined within =10 m, this
equation cannot help to improve the estimate of the
radio altimeter.

3) ERROR IN THE HORIZONTAL VELOCITY

Two parameters characterize the bias in surface
Doppler velocity: the drift angle «, and the aircraft
horizontal ground speed V. The estimators for cor-
responding errors, drawn from A’ and B/ in (35), are

sinad’  cosaB)
da =
* Vysind Vi cosf (38)
cosad’ sinaBj
oVy=—
" sinf cosd (39)

A systematic error in « should be interpreted as a
mounting error of the INS or antenna. To a good ap-
proximation, we may write
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B
da)y = . 40
(b <VHcos0> (40)
With an uncertainty of 0.1 m s~'in 4’ and B}, 6 and
8V may be determined within £0.05° and +0.3 m s™!,

respectively,

4) ERRORS IN THE PITCH ANGLE AND IN THE
VERTICAL VELOCITY

The biases in pitch angle (68) and vertical velocity
(6W) can be solved explicitly from the coefficients
5 and C’ in (35) as follows:
_ C'cosf
H tané

o8

B C'Vy cosa cost
oW =
cosf H tanf

However, with H = 4000 m, V5 = 120 ms™!,
= 30°, and uncertainties in C' and B% of +10 m and
+0.1 m s~ respectively, these formulas lead to un-
certainties in 68 and 6W of +0.35° and 0.8 m s,
. respectively. These uncertainties are much larger than
the uncertainties embedded in the INS data as de-
scribed in section 4a. This leads us to consider a vari-
ational approach that integrates first, our knowledge
of the statistical uncertainties in C’ and 8%, and second,
the a priori knowledge that we have about the possible
errors in W and 8. Presumably, the main source of
error does not lie in the navigation system, but in the
possible mounting error of the pedestal, which may
reach 1°,

Let o(B%) and o(C"’) be the rms errors in B3 and (7,
and o(W) and o(f) be the possible error in W and 8.

(41)

H sinfC’ 3
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We may determine 6% and 88 as the solution of the
following variational problem:

(B5 — cosf6W + Vy cosa cos86p)?

a*(BY)
(C' — H5p tand/cos)?

P 2 ( C;) (42 )
under the subsidiary condition that minimizes the fol-
lowing expression: TR

(w)* | (48)°
200 708 43)

The solution of this variational problem is obtained
by introducing a weak constraint and weighting func-
tion u, and differentiating with respect to 6 and 84
(see Courant and Hilbert 1953):

0= Vi cosa cosO(B5 — cos6W + Vi cosa cos#sf)

o*(B%)
_ H tanf (C' — H8( tanf/cosf)
cosé e 3(C")
udB
+—— (44
2 Y
0=— cosf(BH — cosfdW + Vy cosa cosfég)
o?(B5) o
udW
. (4
22 (W) (45)

The solution of this set of linear equations (in ap-
pendix C) is

1 tanf C’
%=3 {' 62(B5) o (C") | o2(W) [ o2(B%) H(coso) UZ(C')” (46)
S = 1[_ VucosaHsindC' [ tanf)? i cos§By Zy cosz’z ’ (47)
D o2(C"a?(BY) cosb] ¢*(C")o?(By) o (B)o*(B)
with
D= (H tanf/cos)? © cos2 [(VH cosa cosf)?  (H tanf/cosd)? u ] U (48)
- [ a(C") 02(5)] o*(B%) o*(BY) a*(C") a*(B)y]e* (W)’

The following values of the standard deviations may
be introduced in the process: o(B5)=0.1m s, o(C’)
=10m, s(W)=0.1 ms™!, and o(B8) = 0.05°.

7. Evaluation of the technigue using TOGA COARE
ELDORA /ASTRAIA data

The corrections to the navigation factors (e.g.,
pitch, drift, etc.) were evaluated using radar data

from 14 periods (Table 1) that included samples
from the ELDORA /ASTRALIA flights from five days
of research in February 1993 during the Tropical
Ocean Global Atmosphere Coupled Ocean-Atmo-
sphere Response Experiment (TOGA COARE).
Each of the 14 periods included a number of scans,
typically between 17 and 50 full 360° scans. The
results are very consistent among all 14 periods. As
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TaBLE 1. ELDORA correction factor evaluation. The correction factors are evaluated for two or more groups of scans
on five flights in February 1993. Each group of scans contains 17 or more individual scans.
Date Time (UTC) Scans AR, (m) AR, (m) 68 (°) da (°) 8¢ (°) 6H (m) 8V (ms™1)
6 Feb 93 1847-1857 50 22 16 —1.44 —0.19 2.29 -10 0.5
6 Feb 93¢ 1948-1958 50 100 90 —1.46 0.61 1.26 50 —1.4
9 Feb 93 1608-1618 25 17 -10 —1.43 -1.12 241 -10 —0.63
9 Feb 93 1834-1843 25 7 11 -1.30 —1.84 223 -10 -2.19
9 Feb 93° 1940-1950 25 0 6 —1.33 0.21 2.33 -10 —0.85
10 Feb 93 1846-1901 80 3 -9 —1.42 -1.09 2.32 20 —0.88
10 Feb 93¢ 2037-2052 25 10 1 —1.43 -0.49 1.26 10 —0.63
10 Feb 93 2053-2058 25 10 11 —1.43 —0.51 2.34 0 —0.51
10 Feb 93¢ 2306-2312 25 33 9 -1.42 —-0.37 2.39 10 -0.13
17 Feb 93 2008-2014 26 48 17 —1.48 —-0.81 2.40 10 1.2
17 Feb 93 2030-2040 29 30 10 -1.48 -0.1 2.37 0 0.85
17 Feb 93 2219-2229 50 80 67 —1.45 -0.88 2.30 40 —0.45
18 Feb 93 2129-2139 52 25 -10 —1.47 -1.0 2.31 -10 —0.68
18 Feb 93 0100-0103 17 50 35 ~1.46 -1.35 2.30 20 —1.17
Mean values 31 17 —~1.43 -0.64 2.18 7.8 —0.50

® Variable corrections between 1952 and 1956 UTC.

b Aircraft turn and variable corrections around 1943 UTC.

© First file of tape: subsequent files have different corrections.

4 Aircraft climbing. Heading changes smoothly from 360° to 180°.

an example, the results from 2128:00 to 2139:00
UTC 18 February 1993 are presented in this sec-
tion.

A subset of the flight parameters during this
time period is illustrated in Fig. 6. In this
time period, the aircraft was moving toward
357° at the 4820-m altitude with a steady pitch
angle. The drift angle steadily decreases from
2.5° to 1° while the aircraft vertical velocity varied
between —0.4 and 0.4 m s™!, The circles in Fig. 6
and subsequent figures indicate the original values
of each parameters while pluses indicate the cor-
responding values after the procedure outlined in
section 3 is applied (normally three to four itera-
tions).

The curve fits using the original data from only
fore and aftradar (180° data) are illustrated in Figs.
7 and 8, while the curve fits from combining data
from fore and aft radars (360° data) are shown in
Fig. 9. As discussed in the previous section, the curve
fits using data from only one radar are subject to
large uncertainties due to the limited data in the ¢
domain. This can be illustrated by comparing the
fitted curve of the velocity residual among Figs. 7-
9. The curves in Figs. 7 and 8 are similar but the
amplitude in Fig. 8 has | m s~ difference as com-
pared with the curve in Fig. 9. The range delay (coef-
ficient £') and the tilt angle corrections from fore and
aft radars are also shown in Figs. 7 and 8. The pro-
cedure converged after four iterations. The net cor-

rections after each iteration are listed in Table 2.3
The convergence criteria based on the intrinsic ac-
curacy of individual measurements are listed in Table
3. The goodness of the curve fit can be also deter-
mined from the ¢(6R¢s) and 6(6Vs). The iterative
process should cease when o(8Rg) and a(8V) stop
decreasing. These values will be used to obtain A4’,

', By, C', DY, and D% while E is forced to be zero
in this process. The resulting coeflicients are shown
in Fig. 10.

The sea surface reflectivity factor, velocity, and
range residual from an original scan (Fig. 9) can be
seen to vary considerably as the radar scans and the
spin angle ¢ changes. The points (+) are the range
and velocity residual of the ground gates selected us-
ing the procedure outlined in section 3. The smooth
curves (composed by circles) are the least-squares
curve fit to the data points. The reflectivity data (top
panel) do not change except that they are shifted by
the spin angle correction between the corrected and
uncorrected data. The velocity residual (left middle
panel) shows that in the original data the ocean sur-
face moved at an estimated speed of approximately
4 m s ! in a large portion of a scan. As a result, the
Doppler velocity bias can be expected to have the

3 The range delay of —320 m is obtained after the first iteration of
the procedure. Since the range delay recorded on the ELDORA tape
header was 440 m, the net range delay is 10 m in agreement with
that in Table 1.
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same magnitude as the velocity residual from the
return of the ocean surface and, most importantly,
this Doppler velocity bias varies as the radar spin
angle changes. A similar situation exists in the range
residual (bottom panel) where the original range bias
varies with the spin angle and the magnitude can
exceed 400 m. These nonconstant biases can create
false convergence in the synthesized wind fields and

ultimately affect the accuracy of the subsequently
derived quantities.

The purpose of this procedure is to identify
the error sources and bring the wvelocity and
range residues as close to zero as possible.
The velocity and range residues improved after
the data were corrected for the navigation and
radar mounting bias after four iterations through
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the procedure. The magnitude of the fitted velocity
residual is near zero with a standard deviation of
about 0.5 m s~! and the magnitude of the range re-
sidual is also near zero with a standard deviation of
about 60 m. The extreme values near 90° and
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FIG. 7. The reflectivity factor, velocity residue, and
range residue of the fore radar for scan number 26 is
shown in the left panels. The range delay corrections
and the tilt angle corrections for a series of 52 scans are
shown in the right panels. In this and the following fig-
ures, the original data indicate the results from the first
iteration of the procedure using the data on the tape,
while the final data indicate the results after the third
iteration of the procedure.

811

270° are the singularities of the cosine square fac-
torin (18).

Based on the 4°, B!, B4, C’, D', and D} coefficients

(Fig. 10), we can evaluate corrections to the rotation
angle, aircraft altitude, drift, horizontal velocity, pitch,
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and aircraft vertical velocity [(36)-(39), (46), and
(47)] for each individual scan. These resulting correc-
tion factors for a series of 52 scans (2129-2139 UTC
18 February 1993) are shown in Fig. 11. (The data
displayed in Figs. 7-9 are scan number 26 in this series.)

The correction factors in the range to the first gate
(range delay AR) for the fore and aft radars were nearly
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FIG. 8. Same as Fig. 7 except for the aft radar for scan 26.

constant for all time periods reviewed. The variability
in the range delay error is considerably less than half
of a gate length (75 m during TOGA COARE), which
is the upper limit of the uncertainty in range residual.
This is also consistent with the mean standard deviation
of the range residual (=60 m) after the corrections are
applied to the dataset. There is essentially no difference
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FIG. 9. The reflectivity factor (top panel), velocity residue (middle panel), and range residue (bottom panel) of the potential ground gates
selected by the procedure described in section 2. Original data are the data recorded on the tape while final data are reprocessed using the
new navigation information obtained in this study after four iterations.

in range delay between the fore and aft radars in the
ELDORA system. The pitch and rotation angle also
have stable biases that are within expectations. The
most unstable parameter is the drift bias, which, due

to the measurement error in the heading, can vary by
about +1°. The measured drift bias variability of ap-
proximately 0.64° is consistent with this expected
measurement error. This drift bias variability should
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TABLE 2. Correction factors for 2129-2139 UTC 18 February 1993. Values shown are the best estimates
of the net correction factors after each iteration.
No. iter. AR;(m) AR, (m) 3H (m) §Vy (ms™) da (°) 8 (°) 8¢ (°) a(6Rg) (m) o(8Vs) (ms™")
1 110 94 70 —0.45 -1.0 ~-1.50 2.21 100 0.37
2 84 43 30 —0.61 -1.0 -1.47 2.29 61 0.38
3 44 14 10 -0.66 -1.0 —-1.47 2.31 58 0.40
4 25 -11 -10 -0.68 -1.0 -1.47 2.31 63 0.47

be expected to introduce variable errors in the aircraft
horizontal velocity of about 1 m s™', which is again
consistent with the aircraft horizontal ground speed
corrections in Table 1. The flight-to-flight deviations
among all other parameters are negligible except for
the aircraft pressure altitude, where day-to-day varia-
tions are expected due to the deviation in surface pres-
sure and the lapse rate from the standard atmosphere
(List 1984). During TOGA COARE, the aircraft al-
titude obtained from the radio altimeter aboard the
Electra was used whenever was available. This drasti-
cally reduces the large uncertainties in aircraft altitude
that are introduced if the pressure altitude is used; at
4600-m pressure altitude, the error can be as large as
200 m.

Inspection of the values from this and other data
samples shows that there is generally little variability
from scan to scan or from day to day. Those cases that
have significant variability generally include some
abrupt or frequently changing aircraft motion that ba-
sically violates the underlying assumptions of this
technique. Even after there are some perturbations in
the values of the coeflicients, they typically settle back
to the same stable values. This suggests 1) the possibility
of using a single set of corrections for all the data, and
2) that these temporary perturbations in the coefficient
values may be related to instrumentation issues such
as time lags between measurements made by different
instruments,

This analysis indicates that a single set of corrections
for the entire TOGA COARE ELDORA dataset should
account for most errors in navigation of the data except
for the drift and aircraft ground speed biases. These
correction factors are 2.3° for rotation angle, —1.45°
for pitch, 8 m for the aircraft altitude, and 30 m for
the range delay. After these corrections are applied to
the data, only small residual errors remain (see the
final data in Fig. 9). These small residual errors can
be removed using more detailed scan-by-scan correc-
tions if the analysis warrants.

For most analysis purposes this is generally unnec-
essary, since the mean residual range error is at most
20-40 m and the mean residual velocity error is less
than or equal to 0.5 m s™!. Reevaluation of the coef-
ficients, shown in Fig. 9, indicates that considerably
smaller values with less scatter result. Tests of further
corrections to the data indicate that additional reduc-
tions to the errors do not result from reapplication of
this process after three to four iterations.

Figure 12 shows comparisons of the velocity scans
from the ELDORA /ASTRAIA radar, before and after
the data renavigation process is completed. In these
pictures, the aircraft is flying into the page at an altitude
of about 4 km at the center of the range rings. In the
uncorrected reflectivity data (top) the sea surface can
be seen to be slightly rotated counterclockwise from
the correct position that can be seen in the renavigated
(lower) data. While these corrections are subtle, they
are critical to bringing the data to a quality where anal-
yses can be made with minimal concern for editing.

8. Summary and conclusions

A procedure to determine the navigation biases
using the radar returns from the flat earth surface is
presented in this paper. It has been shown that the
surface return, which has been considered as clutter
to the meteorological data, can be used to estimate
the INS navigation biases and the radar pointing and
ranging biases. Using a least-squares curve fit on the
range and velocity residual of the surface echo, a total
of eight biases (drift, pitch, spin angle, tilt, range de-
lay, aircraft ground speed, aircraft vertical velocity,
and aircraft altitude) can be estimated objectively.
As a test, this procedure was applied to a total of 14
individual time periods of ELDORA /ASTRAIA data
collected during the TOGA COARE experiment.
These results indicate that these biases are stable from
flight-to-flight except for the drift and aircraft ground
speed biases. These small biases can produce a-few-

TaBLE 3. Convergence criteria for individual parameters used in the iterative procedure.

AR;(m) AR, (m)

oH (m)

$Vp(ms™) da (°) 36 (°) 8¢ (°)

Convergence criteria " 20 20

20

0.1 0.1 0.1 0.1
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F1G. 10. The scan-by-scan coefficients of 4, By, B,, C, D, D,, and E. Uncorrected coefficients are obtained from the
least-squares fit using the original data, while corrected coefficients are obtained using the renavigated data. The corrections
labeled “original” are obtained from the first iteration of the procedure. The corrections labeled “final” are obtained
after applying the cumulative corrections (four iterations) to the original data. These near-zero values indicate that no
additional corrections are needed.

meter-per-second errors in the measured Doppler
velocities. Removing these velocity errors is critical
to obtain accurate vertical velocities and other flux

calculations. Fortunately, these biases can be iden-
tified and corrected objectively using the procedure
described in this paper.
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F1G. 11. The scan-by-scan plot of the corrections computed from the coefficients illustrated in Fig. 9. The uncorrected
data show the amount needed to correct for each parameter after the first iteration. The corrected data show the

required corrections after four iterations.

A few recommendations regarding data collection
and using this technique are provided in the following:

e This procedure is designed to process data
collected during a steady flight leg. During three

of the 14 time periods, there were interscan varia-
tions in the correction factors due to heading
change and pitch change that require additional cor-
rections to the radial velocities. These additional
corrections are discussed by Lee et al. (1994) and
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the implementation is beyond the scope of this
paper.

e Users of this technique are advised to interpret
any correction factors in the immediate stormy envi-
ronment with caution because 1) the earth surface
finding procedure, which looks for high reflectivity and
near-zero velocities independently, can be biased by
the presence of storms, and 2) the flight parameters
can become unsteady within a scan while encountering
strong turbulence.

¢ During the TOGA COARE experiment, the ma-
jority of data collected by the ELDORA /ASTRAIA is
180° scans (i.e., the radar scans on only one side of
the aircraft). The correction factors obtained from these
180° scans are usually unstable (not shown) for the
reasons described in section 5. We therefore recom-
mend that the correction factors should always be
computed using data from 360° scans.

o Asillustrated in this paper, most of the correction
factors are stable throughout a flight and from flight
to flight. Therefore, these corrections can be used as a
template to correct the data collected in 180° scan
mode. Then the remaining uncertainties (most likely
drift and aircraft ground speed ) can be dealt with sep-
arately as required. We strongly recommend users to
examine their data after these correction factors are
applied to ensure data quality for the multi-Doppler
radar analysis.

e Due to the 2° beamwidth, the usable sector of
data within a scan for the surface echo calculation de-
creases rapidly with decreasing aircraft altitude. Sim-
ilarly, the accuracy of é¢ decreases as the aircraft al-
titude decreases [ EqQ. (36)]. The desired aircraft altitude
for the surface echo calculation is anywhere above 3
km above the surface. We do not recommend per-
forming the surface echo calculation when the aircraft
altitude is lower than 500 m above surface.

Specific recommendations on how to properly col-
lect and analyze the earth surface return are also made.
In the future, we plan to implement this procedure in
real time in the air so as to identify these biases while
the data are collected. Obtaining the correction factors
in real time will expedite the process of delivering data
to the user in the future.
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APPENDIX A
Derivaticn of Angles ¥, EL, and A4,

Recall the formulas of spherical trigonometry: 4, B,
and C are the angles at corners of a spherical triangle
whose opposite arcs are a, b, and ¢ (all parameters in
radians). These parameters are related through the ba-

sic equations from the law of sine and the law of cosine:
sina _ sinb _ sinc

sinA sinB sinC

cosa = cosh cosc + sind sinc cosA
cosA = —cosB cosC + sin B sinC cosa.

These basic equations are applied successively in the
following spherical triangles of Fig. 2a. As a result of
the definition we obtain

arcCD=n/2,
arc. BC = 8 (pitch),
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is completed. In these pictures, the aircraft is flying into the page at an altitude of about 4 km, at the center of the 10-km range
rings. The beams extended from both sides of the aircraft are second trip sea clutters. The sea surface is the narrow horizontal
band whose velocities were between —3 and +3 m s™! in the original data (upper panel) and were near zero after the data were

renavigated.

arc AB = o (drift),

arc ED = 6 (airframe-relative tilt angle),

arc FA = V(= /2 minus track-relative tilt angle),
arc EF = EL (earth-relative elevation angle),
arc BF = A, (track-relative azimuth angle).

The parameters of interest are ¥, EL, and A4,.
To derive EL and 4., we can use the triangle ZEC,
where

arc ZE==/2 — EL,

arcc CE=n/2 -0,

arcCZ=17/2 - p,
angle ZCE=¢ — =,
angle CZE = A4,.

Then from the law of cosines, EL can be obtained:

sinEL = siné sinf — cosé cosB cos¢d  (Al)
and A, can be obtained:
sinf = sinEL sin83 + cosEL cosB cosA.,
or
cosd, = sinf — sinEL sing
cosEL cosf
To derive V¥, we start from triangle ABE, where

arc AE =V,
arc AB = a,
cos¥ = cosa cos BE + sina sin BE cosABE.

To obtain cos BE, we use triangle BCE, where
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arc BC = B,
arc EC=7x/2 — 8,
angle BCE = ¢.
Then, from the law of cosines:
cos BE = cos@ sinfl + sin8 cosf cos¢ (A2)
and from the law of sines:
cos§  sinBE (A3)

SinEBC  sing
also angle ABE = 7 /2 + angle CBE, therefore, cosABE
= —sinCBE. Then, we have
cosV = cosa cosf3 sind

+ cosa sinf cosf cos¢ — sina cosf sing. (A4)
APPENDIX B
Derivation of C, D,, D;, and E
The quadratic form {26) to be minimized is

o= [0032¢i(RR — Rge):
{i}

— C —~ D, sing; — D, cos¢; — E cos2¢;)?
+ uN(C? + D% + E?).
Consequently C, Dy, D,, and E should verify

9 _ 2 _, 9 _, 92_
aC aD, aD; O

(B1)

0, 0, 0, 0, (B2)

or
N1+ )+ ({2} sing ) D; + ({2} coso; ) D,
+ (Z cos2¢; ) E = Z cos?¢; (Rr — Rge)i
(Z sin¢{,-))C + (Z sin2d{>,-})D,
{ -}6— (Z sing; c;s}qs,-)Dz + (Z sing; cos2¢; ) E
N =2 cosquiEI)QR — Rge)i sing; (B4)
(Z cos¢;)C + (Z{ s}in¢,~ cos¢; ) Dy
{ ~}+- (= coszd:,-){ 1— NulD; + (Z cosg; cos2¢:)
) =2 cos2<z>,'(RR{i Rge)i cos¢;  (BS)
(2 cos2¢;)C + ((2} sing; cos2¢;).D,
{-}*' ({z_} coso; cos{2;,~)Dz + [({z_} cos22¢,;) + NulE

= > cos’¢;(Rg — Rge): cOS2¢; .
{7}

(B3)

(B6)
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Standard numerical methods may now be used to solve
this system for C, D;, D,, and E.

APPENDIX C
Derivation of 68 and W
The matrix form of (44) and (45) is

(Mn Mlz)(5ﬂ)=(S1)
My, J\6W Sy’

My
(H tand/cosf)? u
a*(C") o*(B)
Vi cose cos2
a?(BY)

(Ct)
with

Vy cosa cosf)?
M1.=( H Sa )
o”(B3)

M, = —

Vg cosa cos?d
D)
cos?f @
"By | (W)
S, = Vi cosa cosfBh _ H(tanf/cos8)C'
a*(BY) a*(C")

My =

My,

_ cosfB%
o*(By)
The matrix determinant is
(H tanf/cos8)?  u ] cos’d
D= 2 ’ + 2 r
a*(C" a(B8) ] ¢*(B%)
(Vi cosa cos8)?  (H tand/cosf)?
o*(B3) a*(C")

S2=

P
aX(B) | A (W)’
The inverted matrix M™! is defined by

1[ cos? u
Mil=— +

" D[UZ(B'z) a2<W)]

1 [ Vy cosa cos?0

My =—|2Z2AED 7

2 D[ a%(B%) ]

I [ Vy cosa cos?d

My = — | HEEE

= D[ a*(B}) ]

e _ 1 [(Vu cosa cosf)?
D o(B3)

(H tanb/cosb)? u
a*(C") a*(8)
It follows that
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66_1__ H sinfC’ u
D| o*(BY)e*(C) X (W)
Vi cosa cos6BY _ H(tanf/cos8)’
a*(Bb) a*(C")
1 V, i '
sw=L]_ Hzcos:tz sm,GC
D a“(C")o"(B2)
tanf\>  cosfB) p cosfB)
- H 2 U 2 2 2 1
cos/ o*(C')o*(B5) o*(B)a’(B?)
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